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DEFORMABLE TRANSFORMATIONS OF RIBAUCOUR* 



LUTHER PFAHLER EISENHART 

When a system of spheres involves two parameters, their envelope consists 
in general of two sheets, say S and Si , and the centers of the spheres lie upon 
a surface S . A correspondence between S and Si is established by the points 
of contact on the same sphere. In general the lines of curvature on S and Si 
do not correspond. When they do, we say that S is in the relation of a trans- 
formation of Ribaucour with Si, and vice versa. For the sake of brevity 
we call it a transformation R . 

It is a known property of envelopes of spheres that if iS be deformed and the 
spheres be carried along in the deformation, the points of contact of the spheres 
with their envelope in the new position are the same as before the deforma- 
tion. Ordinarily when 8 for a transformation R is deformed, the sheets S' and 
S| of the new envelope are not in the relation of a transformation R . Bianchif 
has shown that when S is a surface applicable to a surface of revolution, it 
is possible to choose spheres so that for every deformation of S the two sheets 
of the envelope shall be in the relation of a transformation R. From the 
equations which Bianchi used to prove this result it can be shown that if 
S undergoes a single deformation so that the sheets of the new envelope are 
in the relation of a transformation R the conjugate system on the deform of S 
corresponding to the lines of curvature on the envelope is the same as before 
deformation. It is known that a conjugate system may be preserved in an 
infinity of deformations, or one, or none, the latter being the general case. 
It is the purpose of this paper to determine the transformations R whose 
surfaces of center admit one deformation into surfaces of center of trans- 
formations R . 

It is shown that the only surfaces S admitting such transformations R 
have the same spherical representation of their lines of curvature as isothermic 
surfaces, and that every surface of this type admits such transformations. 

The conjugate system on the surface jS is a system 20 , to use the notation 
of Guichard. A conjugate system remaining conjugate in a single deformation 
is called a permanent conjugate system. The present investigation carries 

* Presented to the Society, at Cambridge, Sept. 4, 1916. 
t Differenziale geomeiria, vol. 2, p. 117. 
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with it the determination of all permanent conjugate systems which are 20 . 
It shows also that any conjugate system having the same spherical repre- 
sentation as a permanent system 20 is of this kind also. 

Evidently when one sheet of an envelope of spheres is a point or a plane 
the transformation is of the type R. Hence a special class of the solutions 
of our problem include all transformations R whose surfaces of center may 
be deformed so that in the new position the spheres pass through a point or 
are tangent to a plane, which we have shown to be respectively transforma- 
tions Dm of isothermic surfaces,* and transformations Em of surfaces with 
isothermal representations of their lines of curvature, t 

When our general results are applied to the transformations Dm of isothermic 
surfaces, we are led to the transformations Tm of these surfaces discovered 
by BianchiJ and expressed intrinsically. The present results give a geo- 
metrical basis to these transformations and other observations made recently 
by Bianchi.§ 

1. Teansfoemations of eibatjcotje 

Let S be a surface referred to its lines of curvature, u = const., v = const.; 
x,y ,z,its cartesian coordinates; X , Y , Z , the direction-cosines of its normal; 
pi, p2, its principal radii of normal curvature. These quantities satisfy the 
following equations of Rodrigues:|| 

dx dX ^ dx dX ^ 

Darboux^ has shown that if X and ju are any two functions satisfying the 
equations 

on the surface S whose coordinates x^, yo, Zo are given by 

(3) Xo = x X, yo = y -- Y , Zo = z--Z, 

fJ. fj, fX 

the parametric curves form a conjugate system, and that the spheres with 
centers on S and whose radii are given by X/p give a transformation it of S , 
and the most general one. We shall now find the expressions for the cartesian 
coordinates Xi, yi, Zi of the transform Si . 

*Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 351. 
tAnnals of Mathematics, ser. 2, vol. 17 (1915), pp. 64-71. 
JAnnali di Matematica, ser. 3, vol. 12 (1906), pp. 19-54. 
§Rendiconti dei Lincei, ser. 5, vol. 24 (1915), pp. 377-387. 
II E., p. 122. A reference of this sort is to the author's DifferentiaJr Geometry. 
IT Leeons, vol. 2, p. 383. 
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If X' , Y' , Z'; X" , Y" , Z" denote the direction-cosines of the tangents to 
the curves v = const., u = const, respectively on S , we have* 



(4) 



^'= _:L^JRx" + ^X ^' = J-^Z" 

du VG ^^ Pi ' 5^ VE ^m ' 

du ~ -yJO dv ' dv ~ V^ dw P2 ' 

3w Pi ' dv Pi 

The equation of the sphere of radius X/ju and center (3) is reducible to 

M E (a;i - a;)2 + 2X X; X(a;i - a;) = 0, 

where xi, t/i, Zi are current coordinates. The equations obtained by differ- 
entiating this equation with respect to u and v are 

^E(3;i-a;)^ + 2X>/E2:X'(a;i-a;) =0, 

|^Z(a;i -xy + 2\-^J^X"{xi-x) = 0. 
These three equations may be replaced by 

(5) x^ - X = - j;^{aX' + ^X" + nX) , 

where m is a constant, and the functions a, ^ ,<t are subject to the conditions 

(6) a^-\- ^ + n^ = 2mX<r, 
and 

du av 

Comparing equations (1) and (2), we see that X is a solution of the equation 
satisfied by a; , y , z, that is, the point equation for 2 . Expressing this con- 
dition, we find the expressions for da/dv and d^/du in the fundamental equa- 
tions (I) below. The third and fourth of equations (I) below follow from the 

* E., p. 157. 

t Algebraic signs are given to these direction-cosines so that we have 

= 1. 
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first two and (2). The functions h and I in the fifth and sixth of equations 
(I) may be taken as defined by these equations. The expressions for da/du 
and dfi/dv are a consequence of the differentiation of (6). The fundamental 
system is 

dn yfE dix Vg, 

r- = a, 5~ = — P, 

ou pi av Pi 

d log (T a d log or j8 

da 1 aV£„ , a/£ 



(I) 



du '<iG ^'^ Pi 

aa_jL_aVG 3i3 1 a VI 

a» " VE ^m du~ -sIg dv "' 

a^ 1 aVG , Vg , ,, , ,7^, 

^ = FEE^— a H M + m(Z + -VG)<r, 

a» Vi? 5m P2 

dv 






The last two of these equations must be satisfied in order that the con- 
ditions of integrability of the derivatives of a and j8 shall be satisfied; in 
deriving them we make use of the Gauss and Codazzi equations for S , namely 

dv \ ylG dv J '^ du\^ du ) '^ Pi Pi ~ ' 



(7) 

a He 

dv\ pi 



/ Pi dv ' du \ P2 J pi du ' 



Equations (I) form a completely integrable system of differential equations 
and each set of solutions satisfying (6) gives a surface Si , which, as we shall 
show, is a Ribaucour transform of S . 
From (5) we have by differentiation 
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where 

\ maXJ ma\ maX 

X['=^X'-(l-^)x"+^X. 



(9) 



Similar equations hold for the y's and z's. Now X[, Y[, Z[; X" , 7" , Z" 
are the direction-cosines of the tangents to the curves v = const., u = const, 
respectively on 2i . From these we find that the direction-cosines, Xi, Yi, Zi, 
of the normal to Si are of the form 

(IQ) X = — ^^ X' X" + I 1 — ^ 1 X 

If E-i. and Gi are the first fundamental coefficients of Si , we have on com- 
paring (8) with (4) that 
(11) Vl"i = -yfc, -401 = 1. 

On differentiating (10) we get 

du Pndu ' dv pu dv ' 

where pn and pi2 are given by 



(12) 



\Pl2 X/ \P2 X/ 



Since the preceding equations are analogous to (1), we know that the lines of 
curvature on Si are parametric, and that pn and pi2, given by (12), are the 
principal radii of normal curvature of Si . Hence 

Theorem 1. Every set of solutions of equations (7) which satisfy the quad- 
ratic relation (6) determines a transformation i? of S . 

In consequence of (10) equation (5) can be given the form 

(13) xi-x=^iXi- X). 

2. The transformation R obtained by the deformation of S 
From (I) we find 

(14) r(-) = °i.. K-)-''^.. 
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where we have put 

(15) L,=V£(n-l^), L,=^[G(l+^^). 

\ PlM/ V P2JU/ 

Hence the first fundamental coefficients of S , whose coordinates are given by 
(3), have the form 

(16) £..K(i+(?y), n^uull, e,.a(i + (^y). 

When S is deformed into the surface of centers iS' of another transformation 
R, the functions of the latter must necessarily give equivalent expressions 
for Eo, Fa, and Cro- Since the spheres are unaltered in size, the functions 
X' and n' are given by 
(17) V = pX, / = pn, 

where p is a factor of proportionality.* 

We call S' and 2', the two sheets of the new transformation R and indicate 
by primes all functions belonging to the latter. From (14) and analogous 
equations we have 



(18) 



v£-«(,+i^).vr.«;(i+iM. 
v^^(i+iM=VG'^;fi+A^). 

/*\ P2 M/ M V P2 M/ 



In order that the expressions (16) may be equal to similar ones for S' , we 
must have in consequence of (18) 

,2 ~ ',2 > ,2 ~ ,,2 • 

Because of (17) these may be replaced by 

(19) a' = pa, 13' = - p/3.t 

When these values are substituted in equations analogous to the first two 
of (I), we find for the determination of p 



* By thus fixing the signs of X' and m' we have merely chosen the positive direction of the 
normal to S' . 

t The choice of these signs is merely equivalent to determining the signs of the square 
roots of E' and 6' hereafter. 
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Moreover, equations (18) are reducible to 

\ P2 M/ \ P2 M/ 

If these equations be diiferentiated with respect to v and u respectively 
and in the reduction use be made of the Codazzi equations (7) and similar 
ones for S' , we get 

1 d^E' l_djE_ i - - 



(22) 

1 aVe^ 1 dSG a - - 

When these expressions are substituted in the Gauss equation for S', 
analogous to (7), we are led to the condition 

(23) 2 VFG^ - ^lWil - VG) + VG'(ifc - ^[E) + M + ^iGk = 0. 

If we choose the constant m' of the new transformation R equal to m, 
it follows from the foregoing results and (6) that 

(24) a' = per. 

In order that n' , a', 0' , and a' , as given by (17), (19), and (24), shall 
satisfy equations for S' analogous to (I) we must have 

k' -k+ ^lE - 4E' = 0, 
(25) 

r + 1 - Vg- Vg' =0. 

Moreover, these equations satisfy equations similar to the last two of (I) 
when (23) is satisfied. 

3. Equations in reduced form. The inverse op a transformation R 
Equation (23) may be replaced by the two equations 

^' =h^~k)+^^i^lE + k), 



(26) 

where is a function to be determined by the equation (22). Reviewing the 



VG'=2(V(?-Z)+^(VG + 0, 
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preceding discussion, we note that when such a function 6 is known, the 
surface S' is defined intrinsically by (26) and (21). 

When the values (26) of V^' and VG' are substituted in (22), we get for 
the determination of 6 



(27) 



(V£ + i,4».(/-,-.,(ve+z)(|(VB + «-^^-^), 



These equations are satisfied by e* = 1 . In this case S' is congruent to S . 
Another constant solution is e* = — 1 . Now equations (26) become 

(28) 4E' = -k, <W = 1. 

Comparing these equations with (11) and (21) with (12), we see that S' is Si, 
the transform of S , and consequently its transform Sj is S . By means of 
the foregoing results we shall then be able to find the expressions for the 
functions X~^ , ix~^ , a~^ , /S"^ , <t~^ by which 2 is obtained from Si . In fact, 
from (20) we have, to within a negligible constant factor, p = l/Xtr. 
Consequently from (17), (19), and (24) we have 

(29) X- = ^, M- = ^, a- = -, r^ = -^, .- = ^. 

It is readily shown that these expressions satisfy equations for Si analogous 
to (I). 

4. Solution of equations (27) 

In view of the foregoing results, we are concerned with the solutions of 
equations (27) other than e^' = 1 . By means of (I) these equations are 
reducible to 

^rfUj du ^^ ^ ' du' dv ^^ ^ ' dv' 

where 

(31) A = log^jli^[E + k), i? = log^(VG + Z). 

The condition of integrability of (30) is reducible to 

(32) e''L-M = 0, 
where 

7--—- -9—^ M-— i_2— — 

dudv " dv da' " dudv dv du ' 

If L = M = , there are an infinity of deformations of the kind sought. 
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Bianchi has solved this problem and hence we exclude it from our considera- 
tion. 
Substituting the expression for e^' from (32) in (30), we get 



\m)~^\^ Mjdu' aAi/ V Ljdv- 



du\M 



The integrals of these equations are 

where U and V are functions of u and v respectively. 

Since we have excluded the case /' = 1 , neither U nor V can be zero. 
The consistency of these equations necessitates 

UV - Ue""" - Ve'^ = 0, 

which in consequence of (31) is equivalent to 

^uv - i^ + iyu - {^ + kyv = 0. 

(T 

Because of the significance of k and I as shown by (11), we know that the 
parameters u and v of the lines of curvature on S can be chosen so that U 
and V may be replaced by constants, which it is convenient to take as ± 4 . 
Hence we have for consideration the three cases 

(34) {^lE + ky+i^IG + ly=±4:^, U=V=±4:, 

(T 

(35) {^[E + kf - i^lG + ly- = A^ , U=-V = 4:, 

(36) (VE + A;)2- (a/G + 0' = -4-, [/ = - F = - 4. 

If we restrict our consideration to the case of real transformations of real 
surfaces, we may replace (34) by 

(37) (VE + A;) =2J-cosco, ( VG + Z) = 2 \/- sin co, 

where co is a function to be determined and e = ± 1 according as X/<r is posi- 
tive or negative. Now (31) become 

A = log 2 Ve cos w , 5 = log 2 Ve sin o) , 

and from (32) we get 

e'« = -tan^w. 
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These values of A and B satisfy (32) when L and M are given the values (33). 
Since 6 is necessarily imaginary, equation (34) does not give rise to a real 
solution of the problem. 

Before considering equation (36), we remark that if we put 

a = a, ^ = ^, fi = fi, X=X, a = — <r , m = — m, 

equations (I) and (6) are satisfied, and from (5) it follows that the trans- 
form Si is the same as Si . Hence equation (36) offers nothing different from 
(35), which we now proceed to investigate. 
If we replace (35) by 

(38) Vl + A; = 2\/-coshco, VG + Z = 2\Psinh w, 

where e = ± 1 according as X/<t is positive or negative, we have 

A = log 2 Ve cosh 03, B = log 2 Ve sinh u , 
and 

(39) e'* = tanyw. 
From (I) we obtain 

and 



(41) 



^1 F/ /?^ , ;^ :^E±k 1 ^^[0 1 , n- a 

log \hri^E + k) = -~j^ ]=—^ x(V6? + Z)r-. 



d» *> \X' ^-lrk<G dv 

Substituting the expressions from (38), we get 

d(a 1 ^VG a . 

du~ ^ du VXffe "' 

(42) 

cosh 03 . 



dv yJG dv VX 



(xe 



By means of (I) and (40) we find that the condition of integrability of these 
equations reduces to 

^ ^ ^u\^[G dv J dv\y[E du J 

We shall now determine under what conditions a surface satisfies (43). 
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5. Surfaces with the same spherical representation op their lines 
OF curvature as isothermic surfaces 

If the linear element of the spherical representation of S be written 

d<T^ = sdu^ + §dv\ 
then 
(44) S = pfE, § = plG, 

as follows from (1). Hence the Codazzi equations (7) may be written 

^f§ dv ~ yfo dv ' ^|6 du ~ 4e du ' 

and consequently equation (43) may be replaced by 

du\-4§ dv ) ~ dv\-sl§ du J ' 

It is our purpose to show that an orthogonal system on the unit sphere 
satisfying this condition represents the lines of curvature of two isothermic 
surfaces, which are the Christoffel transforms of one another by definition. 

In the case of an isothermic surface, equation (44) may be replaced by 

a a 

(46) Pi = -H , P2 = -^ , 

or 

(47) Pi = ^, "^ = -^1' 
where 

(48) E = G = a\ or hK 

The Codazzi equations (7) may be given the form 

a log Va 1 dpi 3 log Vg 1 dpi 

dv p2 — pi dv ' du pi — pidu ' 

Substituting in these equations from (46) and (47), we have respectively 

aiogg \_dj4s ajogo _ 1 aVg 

dv -^'g dv ' du ^s du ' 

(49) 

ajog^ i^djs d log 6 1 aVg 

dv -^ dv ' du -yfs du ' 

Equation (45) expresses the necessary and sufficient condition that these 
equations shall be consistent. Conversely, when the spherical representation 
of the lines of curvature of a surface satisfies (45), one obtains by quadratures 
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from (48) and (49) the first fundamental coefficients of two isothermic surfaces 
with the same spherical representation of their lines of curvature as the given 
surface. Hence we have 

Theorem 2. The necessary and sufficient condition that a surface he iso- 
thermic or have the same spherical representation of its lines of curvature as an 
isothermic surface is that condition (43) he satisfied. 

6. Transformations R of the type sought 

Let S be a surface satisfying equation (43). Then equations (I) may be 
replaced by 

dfi 4e dti ^G „ 

du P\ dv P2 

da 1 aVl^ Ve „ , — , 

r— = — ~?=^^^^, — p + M h 2mAfA(re cosh co, 

du VG ^« Pi 

aa__^aVG a/3 a aVl 

dv ~ ^[e du ' du~ -40 dv ' 

^/3 1 d<o Vg „ f-^ . , 

(50) TT- = = —^ — a -\- II + 2m "VXo-e smh co , 

dv -yJE du p2 



^l«g- = (^2^cosha,-Vl)f, 
^ = (2^^sinh«-V??)^, 



du 

d log 

dv 



dco 
du 


•V£ du 


. sinh 0) , 
VXo-e 


^0) 

dv^ 


1 d^[E 
VG dv 


, — cosh 0) . 
VXo-e 



In consequence of these equations, the expressions for h and I of the surface 
Si , namely 



(51) 



= 2 ^j- cosh 0} - ^^E, / = 2 ij- sinh w - VG, 



satisfy the last two of equations (I). Moreover, it is readily seen that 



d 
d 



u\l dv J dv\k du J ' 
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SO that Si is a surface satisfying (43), as was evident from general considera- 
tions. 

From (26) and (39) we have 

(52) VI"' = VI - -ype-" , -^!G' = ^fG+ yj- e-" , 
and from (25) 

(53) k' = yj-e-" - <E , - V = ^-e" - VG. 
Equations (22) reduce to 

1 a a'G' 1 a Vg a 

+ ~T^^:7 +n^-e-" = 0, 



a/£' du -{e du VXcre 

from which it readily follows that E' and 6' satisfy (43), 
Equations (21) become 

Ve"' V^ M Vg" Vg M 

Pi Pi VXcre P2 P2 VXo-e 

From (2) it follows that if a transformation R is determined by functions 
X and fi , another R , is given by X + c and /x , where c is any constant. De- 
noting the functions for 7i by X , m , • • • , a , we have from (I) 

(55) X=X + c, fx = fi, a = a, /3 = /3, m = m, 

and from (6) 

X(r = \a , 



" X + c- 
Substituting these values in (I), we find that 

^ =J(a-(x + c) +cArE), I-^(z(x-i-c) -fcVe). 

If 2i denotes the corresponding transform of S , it follows from (10) that 
2i and Si correspond with parallelism of tangent planes. 

For any transformation R the tangent planes to 8 are normal to the lines 
joining corresponding points on S and Si. From (5) and (55) it follows 
that S and iS , the surface of centers of the transformation R , correspond with 
parallelism of tangent planes. 

When these results are applied to the type of transformations R given 
by (50) we have _ 

CO = CO. 
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7. When S is an isotheemic surface 

From (2) it follows that fx satisfies the tangential equation of S, that is 
the equation satisfied by the direction-cosines of the normal to S. Hence 
if S is any surface having the same spherical representation of its lines of 
curvature as S, the function /i and the function X, given by equations for S 
analogous to (2), determine a transformation i? for S. We say that this 
transformation of S is obtained from the given transformation ii of 2 by a 
transformation of Combescure. From this result it is clear that if we find all 
the transformations R of the type (50) of isothermic surfaces, all the other 
solutions of our problem are obtainable from these by transformations of 
Combescure. Accordingly we confine ourselves hereafter to the case where 
S is an isothermic surface. 

When 2 is isothermic, the parameters of the lines of curvature may be 
chosen so that 

(56) A^E = VG = e* . 

Now 



(57) 



k + l = 2(yj^e-' -eA. 



From equations (50) we derive the equations 



d_ 

du ' 



(^._.).(^._.)(g_.-), 

and the last two of equations (50) reduce to 



d_ 

5»' 





30 
du 


VXcre 


3w 
du 


a log Vxo^ 

du 




d<f> 
dv ~ 


VXcre 


du 
^dv ' 


d log VXo- 
dv 


The integral of these 


equations is 






(58) 




e" -■ 


VXo-ee* 



where c denotes a constant of integration. 



(59) 
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8. Tkansfoemations Dm. op S. Isothermic surfaces parallel to S' 
When c in (58) is zero, equations (50) become 

dn e* diJL e* „ 

au pi dv pi 

dcr . da . „ 

da _ M ^ _ ^ 

dv du' du dv ' 

r^ = - T^ a + M— + m (o-e* - Xe-* ) , 
3» 5m p2 

and from (51) we have 

(60) k=-l=-e-\ 

(7 

These are the equations of transformations !>« of isothermic surfaces into 
isothermic surfaces discovered by Darboux.* 
From (52) and (53) we obtain 

(61) -VI' = e* - -e-*, - VG' = e* +-e-*, 

(T (J 

and 

(62) k' = V = 0. 

Hence S( is a point and not a surface. 

Conversely, if a transformation R can be deformed in such a way that one 
of the sheets of the new envelope is a point, the requirement that the lines of 
curvature on the two sheets of the new envelope shall correspond is satisfied 
identically and consequently the preceding formulas apply. For this case 
it follows from (53) that 

\ (T 

and consequently the transformation E is a Pm .f 

*Annales de I'Ecole Normale Superieure, ser. 3, vol. 16 (1899), pp. 
491-508. 

t Cf. Eisenhart, Rendiconti dei Lincei, 1. c. 
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For the present case equations (20) become 

du a av ff 

from which it follows that per is constant. Since the functions of a trans- 
formation R are determined only to within a constant factor, it follows from 
§ 2 that the functions by means of which 2' is transformed into the point Sl 
are given by 

(63) a'=^, /3'=-^, /=J, y=\, <r' = l. 

a ff a (X 

From the general results of this paper it follows that S' has the same spher- 
ical representation of its lines of curvature as two isothermic surfaces, say S 
and S' : From (54) it follows that this spherical representation is determined 
by 

(64) a/6" = — 7- = h - — , ^[§' = ~-j-= -f - e-* . 

Pi Pi o' P2 P2 <y 

Applying the results of § 5, we find that the first fundamental coefficients 
of S and S' are given by 

(65) ^ = ^G = o-e-* , -^Je' = ^lG' = e-^/cr . 

The principal radii of normal curvature of these surfaces are given by 

Pi 0- Vpi cr / P2 a \pi a ) 

(66) 

PX \P\ C J P2 \P2 0- / 

9. Transformations !)„ of S and S', and their deformations 

Since S and S' have the same spherical representation of their lines of 
curvature as S', a transformation iZ of each of these surfaces is given by 
taking for p. the value of p! in (63). From the third and fourth of equations 
(I) we see that the corresponding functions a and /S differ at most in signs 
from a' and jS' as given by (63). We consider the two surfaces separately. 

For S we find that the functions are given by 

cr cr cr 



a = — TT — I — r , TO = — m , 
(r(X +c) 

* Evidently for the surfaces symmetric to S and S' with respect to a point, the expressions 
analogous to (65) are the same and to (66) differ in sign. 
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where c is any constant. Furthermore, 

I = (ce^^- (X + c)e-* j, I = rce*^+(X + c)e-*y 

When c = 0, the surface Si is isothermic and the transformation is a Dm . 
The values of the functions for this case are 

(67) « = -. P=Z> l^'^Z' X = X, 0-=--. 

From equations analogous to (12) we find for the principal radii of Si the 
expressions 

(68) ^=?(i + f), i=T(-+f)- 

Pn X \Pl A/ Pl2 A \P2 A/ 

In a similar manner, transformations of S' are given by 





II'- 


-^ V--i, 

0-' 0-' 


-a' ^ 


m' 




" - 1 - c<r ' 


= — m. 


^-G*^— 0- 


f = 


/ , CO- — 1 

-r X +^^" 


In particular a transformation D^m of S' is given by 


(69) a' =- ^'=-?. m' 







■)■ 



a' = X, 

and the fundamental functions for the transform S'l have the expressions 

¥=-}'= -e*/X, 

(70) 1 X 1 X 

=r = n -{ , =7- = M T • 

PU Pi Pl2 Pi 

The isothermic surface defined by (70) has been considered by Bianchi;* 
he calls the process by which it is obtained from S and the functions of a 
transformation Dm of S the transformation Tm determined by the given Dm • 
This transformation was defined intrinsically by Bianchi without any indi- 
cation of its geometrical relation to S . _ _ 

We shall now apply the results of %S> to these surfaces S and S', by de- 
forming the surfaces of center 8 and S' of the transformations i)_m of these 
surfaces defined by (67) and (69). 

*Annali di matematica, ser. 3, vol. 12 (1906), pp. 19-54. 
Trans. Am. Math. Soc. 30 
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We call (S') the surface analogous to S'. From (61) and (64) we find 
that its fundamental functions are given by 

(VjB') = (o-e* +Xe-*), (VG') ((re* -Xe"*), 

^ P'l / Pi ' \ P2 / P2 * 

Hence ( S' ) has the same spherical representation of its lines of curvature as Si . 
Furthermore, from equations analogous to (65) and (66), we find that the 
surfaces ( S ) , ( S' ) analogous to S , S' are defined by 

{4W) = {^) = e-^, (i) = -^> (i) = 7^- 

Hence (S) and (S') are respectively the symmetric of S with respect to a 
point and its Christoffel transform._ 

Proceeding in like manner with S', we get for (S')', the surface analogous 
to S' , the functions 

i^fWy =^((re*+Xe-*), {^'Y =^(<re* -Xe"*), 

ACT A<r 

This surface has the same spherical representation of its lines of curvature 
as Si. The surfaces (S)' and (S')' are respectively the symmetric of Si 
and the Christoffel transform. 

Let So be the surface of centers of the spheres enveloped by S^ and Sj_, 
the latter being a point, say 0. Corresponding normals to S', S, and S' 
are parallel. In like manner, the normals to Si and Si are parallel to the 
lines joining to corresponding points of So . Hence the permanent conjugate 
system on Sq , that is the system corresponding to the lines of curvature on S , 
project upon the unit sphere with center into the orthogonal system repre- 
senting the lines of curvature on Si and S'l . Applying the same reasoning to 
the transformation resulting from the deformation of S , the surface of centers 
of the spheres enveloped by S' and Sj , we see that the lines joining to points 
of So, the deform of S , are parallel to the normals to S . Furthermore, it is 
readily seen that S_and So correspond with parallelism of tangent planes; 
and likewise S and So.* 

* The results of this paragraph were obtained by Bianchi by purely analytical processes 
as a result of his intrinsic definition of the transformation Tm . Cf. Re&diconti della 
R. Acoademia del Lincei, ser. 3, vol. 24 (1915), p. 386. 



1916] DEFORMABLE TEANSFOEMATIONS OF BIBAUCOUE 456 

10. Case c 4= m equation (58) 

When we substitute the value (58) of a with c =}= in equations (50), they 
become 

du ~ pi ' dv ~ Pi 



du 






— = -^/=? 4- 



m'^ + -(xTc+(X + '')«-). 



dv du' du dv ' 

r-= —-T- a + ix~+ m\ r— ; (X + c)e 

3c du "^ p2 \X + c 



')• 



and 

ce* , X + c . , ce* X + c . 

^ ^ \ + C <T X + C (T 

For the surface S' we have the functions 

(73) ,_ ^ 

V£' e* pX + c . VG' e* uX + c , 

Pi Pi A 0" P2 P2 A <r 

and for S'l 

it' = - r = - 



ce* 



X + c' 

(74) 

Pn c\ pi '^)' p'i2 cV P2 '*/■ 

The last two are a consequence of (73) and of equations analogous to (12). 
From these expressions it is seen that Si is an isothermic surface. We shall 
now determine its relation to S . 

It is readily seen that, if X, m> «j /3, o- are solutions of equations (71), a 
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set of solutions of (59) is given by 

(X)=X + c, (m) = M, («)=«, (/3)=^, 

Hence these functions define a transformation ( Dm ) of S , and a comparison 
of (70) and (74) reveals the fact that S'l , as given by (74) is homothetic to 
the transform of S by the Tm determined by ( Dm ) . 

11. When Sj is a plane 

From equations (21), (53), and equations for S' analogous to (12), we find 
the following expressions for the principal radii of normal curvature of S, : 

Pu\^ a- J pi ' VXo-6 

(75) ^ ^ 



Pi2\ ^ (T / P2 VXo-e 

Hence the necessary condition that Sj be a plane is 

Pi P2 VXo-€ 

where 5 is a function thus defined. This condition is also sufficient; other- 
wise k' , I' , or both, is zero and the lines of curvature on S( are minimal. 
In consequence of (76) equations (50) become 



(77) 



da dd ^ ^ _, /Xo- . ,\ 



du dv 



da__ de ^ _ _ 96 

dv du' du dv' 



d0_de 
dv du 



a + pe~* — ml — e~* — /leM , 



d &X d <t\ ^ . 

du fi dv n '^ 
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and the last two of equations (50) are satisfied identically. Now 

Making use of (11) and (12), we get 

(79) M.M._^f, 

Pll Pl2 M 

Hence S and Si are surfaces with isothermal spherical representation of their 
lines of curvature. Equations (77) define the transformations Em of surfaces 
with isothermal representation of their lines of curvature into surfaces of the 
same kind, which we have discussed previously from several points of view.* 
From (53) and (54) we get 

(80) 4i' =^=e-'> -^e\ 

Af^' = — T- = - e-^ -z-e\ 
Pa X<r 

S' and §' being the coefficients of the spherical representation of S' . Also 



(81) k' 






so that the parametric curves on the plane Si form an orthogonal system. 
Hence the fermaneni conjugate system on So , the locus of centers of the spheres 
tangent to S' and Si , projects into an orthogonal system on the plane S'l .f 

12. ISOTHEKMIC SURFACES DETERMINED BY A TRANSFORMATION Em 

From the general theory of § 5 we know that there are two isothermic 
surfaces S and S' with the same spherical representation of their lines of 
curvature as S' . We proceed to their determination. 

From (80) and (49) we find that the first fundamental coefiicients of these 
surfaces are 

(82) ^ = -J^ = ^e^ ^\E' = ^^' = ~e-\ 



*Annals of Mathematics, ser. 2, vol. 17 (1915), p. 64. 

t Cf . Bianchi, Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 378. 
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and their principal radii have the values 

1 Xo" ,» 1 X<r ,. 

=- = — e-'*-M, =-= e-'*-M, 

Pi M P2 M 

(83) 13 13 

p; x<r x^o^^ ' p;~xo-"*'xv2^ • 

From (20), (80), and (78) it follows that we may take p = h/\(t , so that the 
transformation R of 2' into Si is given by 

« =x?' ^=-x?' '^ =x;' ^ =?' '^ =x- 

The transformations E of S which are the Combescure transforms of the 
former are defined by 

- a{i - /3m - M^ 

"=x^' ^=-x^' '^=X^' 

(84) _ p - -M 

X = r- + c, <r = r— , m = — m, 

1 +c — 
M 

where c denotes a constant. From geometrical considerations we know that 

Si is a plane; it is referred to an orthogonal system whose coefficients are 



(85) 



IX \ il ) IX \ IX J 



When c = , the coordinate system on the plane Si is isothermal. More- 
over, the functions (84) with c = satisfy equations (59) and determine a 
transformation Z)_m of S . 

In like manner we have transformations R of S' given by 



X' 



and 



OM -,_§j^ 
" \a' '^ Xcr' 






- M^ 


, m' = 




^' "-^{c-ix) 


— m, 


k' = -ce-'~ + e'ic 


-n). 





I' = — ce~^-2 — e*(c — m). 

The surface Sj is a plane, and for c j= we have a transformation D_m of S' . 

The isothermic surfaces S and S' belong to the group discussed in § 8. 
For every transformation Em has for one of its Combescure transforms a Dm , 
namely the transformation of the minimal surface having the given isothermal 
spherical representation of its lines of curvature. 

Peinceton Univeesity 



